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MATH4120: Mathematical Modelling and
Programming
Workshop sheet 3: The
Π-theorem in practice
Chapter 3: the dimension matrix and Buckingham’s
Π-theorem

NOT ASSESSED

Week 4 workshops

This sheet is not assessed. It accompanies the Week 4 workshop and gives further practice
with the Chapter 3 material. Question 6 is a first look at Chapter 4. Parts marked [Extension]
are more challenging: try them once you are comfortable with the rest of the sheet. Work through
as much as you can in the workshop and finish the rest in your own time.

Question 1
Counting dimensionless groups. For each list of governing parameters, write down the di-
mensions of each parameter, find n (the number of parameters), k (the number with independent
dimensions) and m = n − k. You do not need to find the groups themselves unless asked.
(a) The period τ of a pendulum, its length l, and g.

(b) Flow past an obstacle: fluid density ρ, dynamic viscosity µ (dimensions M L−1T−1), kine-
matic viscosity ν = µ/ρ, obstacle size L and flow speed U . Is something wrong with this
list?

(c) An explosion: energy released E, air density ρ, time t and fireball radius R. (You will meet
this again in Question 4.)

(d) A cooling cup of tea: the time t it takes to cool, the rate constant r in Newton’s law of
cooling (called k in Workshop sheet 2), the starting temperature difference ∆T0 = T0 − T∞,
and the final temperature difference ∆T1 = T1 − T∞. Treat temperature as a fourth base
dimension, Θ. Find the groups, and compare with Question 5 of Workshop sheet 2.

Question 2
Flow through a pipe. Blood flows slowly along an artery of radius R. The volume flow rate
Q (in m3 s−1) depends on the pressure drop per unit length, G = ∆p/L, the radius R, and the
viscosity µ of the blood.
(a) Write down the dimensions of Q, G, R and µ. Construct the dimension matrix, and show

that
Q = C

GR4

µ

for some dimensionless constant C.

(b) A fatty deposit narrows an artery so that its radius is reduced by 10%. If the pressure
gradient is unchanged, by what percentage does the flow fall? By what percentage would
the pressure gradient have to rise to restore the original flow?

(c) [Extension] Suppose we had also included the blood density ρ in the list. How many
dimensionless groups would there be now? Find a second group that involves ρ, and explain
why it is reasonable to leave ρ out when the flow is slow.

Question 3
Water waves. The speed c of waves on water depends on which physical effects are important.
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(a) For long waves on deep water, gravity is the dominant restoring force, and c depends only
on the wavelength λ and g. Show that c = C1

√
gλ. Do long waves travel faster or slower

than short ones?

(b) For very short ripples, surface tension σ (force per unit length) dominates, and c depends on
λ, σ and the density ρ. Show that c = C2

√
σ/(ρλ). Do long ripples travel faster or slower

than short ones?

(c) In general, the period τ of a water wave depends on λ, the water depth h, g, ρ and σ. This
is the water-waves exercise in Chapter 3 of the notes. How many dimensionless groups are
there? Construct the dimension matrix and find a set of groups.

(d) [Extension] Using c = λ/τ , explain how your answers to (a) and (b) arise as special cases
of (c). Use the group involving σ to estimate the wavelength at which gravity and surface
tension are equally important, for water with σ = 0.073 N m−1 and ρ = 1000 kg m−3.

Question 4
Taylor’s estimate of the Trinity yield. The notes derive the Sedov–Taylor law for the radius
of an explosion fireball,

R = Π
(

Et2

ρ

)1/5

,

where Π is a dimensionless constant. In 1950 G. I. Taylor measured the fireball radius from
declassified photographs of the first atomic test. Some of his measurements are:

t (ms) 0.38 1.08 4.07 15.0 25.0 62.0
R (m) 25.4 38.9 64.3 106.5 130.0 185.0

(a) If the Sedov–Taylor law holds, what should be true of the ratio R/t2/5? Compute it for each
measurement (with t in seconds) and comment.

(b) Taylor’s full calculation showed that Π is close to 1. Taking Π = 1 and ρ = 1.2 kg m−3, use
the measurement at t = 25 ms to estimate the energy E released. Express your answer in
kilotons of TNT, where 1 kiloton is 4.2 × 1012 J.

(c) Suppose the radius had been measured 5% too large. How large would the error in E be?
What does this tell you about how accurately the photographs needed to be measured?

(d) [Extension] The derivation assumed that the pressure of the surrounding air, p0 ≈ 105 Pa,
is negligible compared with the pressure inside the fireball. If p0 is added to the list of
governing parameters, how many groups are there? Show that p0R3/E is one of them, and
use it to estimate the radius beyond which the Sedov–Taylor law should stop working. Is
Taylor’s data safely inside the range of validity?

Question 5
Ship models. Engineers test scale models of ships in long water tanks. The main resistance on
a ship comes from the waves it makes, and this wave drag D depends on the water density ρ, the
ship’s speed V , its length L, and g.
(a) Show that dimensional analysis gives

D

ρV 2L2 = f(Fr), Fr = V√
gL

,

where f is an unknown function and Fr is called the Froude number.

2



MATH4120 — Workshop sheet 3

(b) A ship is designed to sail at 10 m s−1. A 1:25 scale model is tested in the same water. At
what speed must the model be towed so that it makes the same pattern of waves as the
full-size ship?

Question 6
Looking ahead to Chapter 4.
(a) State the order of each ODE, and whether it is linear or nonlinear:

(i) dy

dx
= x2y, (ii) d2y

dx2 + 3dy

dx
+ 2y = 0, (iii) dV

dS
= 1 − V 2, (iv) d2θ

ds2 + sin θ = 0.

(b) Equation (iii) is the dimensionless quadratic-drag equation from Question 4 of Workshop
sheet 2. Solve it with V (0) = 0 by separating variables and using partial fractions, and show
that V = tanh S.

(c) Find the value of S at which V reaches 99% of the terminal speed. For linear drag, the
corresponding value was ln 100 ≈ 4.6. For the skydiver of sheet 2 (time scale T ≈ 5.7 s), how
many seconds does it take to reach 99% of terminal speed?

3


